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Abstract—We propose a unifying framework for max-min and spreading sequences (CDMA). See e.g. [5], [6], [7] for
fairness in orthogonal networks and networks with interference. insights into such more general max-min fairness problem.
First, a universal formulation of the max-min fairness problem For orthogonal networks, the issue of max-min fairess

for orthogonal networks and networks with interference is pre- - :
sented. This shows that orthogonal networks and networks with has been addressed in [9], [10] [11] (and references therein).

interference can be universally described by a graph, induced by Concurrently, a cellular OFDMrthogonal Frequency Di-
time sharing of resources and interference coupling, respectively. vision Multipley network appears to be the most relevant
As a consequence, a unifying graph-related characterization of example of an orthogonal network. In [9], the max-min fair
performance achieved under max-min faimess is obtained. carrier and antenna assignment is studied for a multi-antenna
OFDM network. More generally, in [10] the performance of
joint max-min fair power allocation and orthogonal resource

Fairness represents an important goal in the design asisignment is characterized within the framework of so-called
resource allocation policies for wireless networks. In multRlocking and antiblocking polyhedra. The characterization of
hop ad-hoc networks, it is usually desired to achieve faird#dk performance achieved under max-min fairness provided
with respect to performance metrics (such as data-rate, or Bt-[10], is however in form of bounds and a duality-like
error-rate) associated with end-to-end routes [1], [2]. In singRPtimization problem.
hop communication, fairmess is desired with respect to link In this work we aim at providing a unifying characterization
performance metrics. The mostly used notion of fairness is tAglink performance achieved under max-min fairness for wire-
max-min fairness, which corresponds to ideal social fairnel§$s networks with interference, such as CDMA, and wireless
and consists in the maximal possible improvement of the wofthogonal networks, such as OFDM. According to the above,
performance metric [3]. such charac?erization is, to t.he best of our knowledge, not

For networks with interference, the issue of max-min faiknown in satisfactory generality. o
ness has been addressed frequently. Networks with interferl:) We obtain a unifying formulation of the max-min fair-
ence include cellular networks with multi-antenna base-stati§§SS Problem for (single-hop) networks with interference and
using receive/ transmit beamforming, and cellular cDMArthogonal networks (Section I1).

(Code Division Multiple Acce3sietworks as the most promi- 1) We propose a universal description of networks by
nent examples [4], [5]. In such networks the interest is usua@aPhs, which is suggested by the obtained unifying problem
in max-min fairmess with respect to link SIR valu@ignal to formulation (Sepﬂon V). In the case of qrthogonal networks,
Interference Ratiprelative to the given link SIR requirements SUch graph is induced by the time sharing of orthogonal re-
A related form of such max-min fairness problem is th&0Urces. In networks with interference, the graph is determined
minimization of total transmit power, provided that the SIFY the interference coupling. _ _ _

values exceed the corresponding SIR requirements [4], [6], [7]f.'“-)_A_5 a consequence, we obtain the main result in form
In this widely-studied problem, the optimal power allocatioRT unifying inequality and equality characterizations of link
solves a linear matrix equation and the link performance can Bgfformance achieved under max-min fairmess in networks
characterized by means of Perron-Frobenius Theory [3], [emth interference and in orthogonal networks (Sections V, VI).
[7], [8]. However, not much is known on the link performance 0
achieved under max-min fairness when the power allocation is ] ) )
optimized jointly with the transmit/ receive policy, that is, with W& consider a general single-hop wireless network model.

transmit/ receive beamforming vectors, or correlation receivef§€ Set of links is denoted bjc = {1,...,K}. The set
of medium resources in the network is denoted &y =

1The work was supported in part by the European Union under grant IS{TL ce ,N}. We do not regard_transmlt power as a medium
034413. resource. We address two main types of networks.

I. INTRODUCTION

. MODELS AND PRELIMINARIES



i.) Networks with interference, or simply interference net- i.) Bit-Error-Rate (BER) function, for which we have (under
works: For interference networks we assume that the mediunwost relevant modulation schemes and Gaussian noise)
resources, € A are nonorthogonal, i.e. the links accessing the 5 1
wireless medium interfere. For instance, in a CDMA network fen(P) = Q(cknlhkn|"Prn)?), @)

the wireless medium is accessed concurrently by linkskC,  with () as the Marcun®)-function, h,, as channel of link on
which utilize different spreading sequences [6]. In a cellulggsource: and noise-dependent constapt, (k,n) € K x .

downlink/ uplink with multi-antenna base station, the lirkks ii.) MMSE function, for which we have (under the MMSE
K utilize different spatial directions of transmission/ receptioReceiver)
described by Minimum Mean Square Error (MMSE) transmit/ fen(P) = (1+ bkn‘hkn|2pkn)_l )

receive beamformers [5], [7]. The spreading sequences and
beamformers correspond to nonorthogonal medium resourgéth noise-dependent constahy,, (k,n) € K x N. Due to

neN. orthogonality we have for the most relevant metrigs(P) =
ii.) Orthogonal networks: For orthogonal networks we asfin (Pkn), (K, 1) € K x N, as is the cases of (1), (2).
sume that the medium resources are orthogonal, i.e. the link§Ve denote by the matrid = (ax,) = (a1,...,ax)" €

assigned some medium resources do not interfere with e&%‘fXN the time sharing matrix, that is, the matrix of relative
other. For instance, in an OFDM network the wireless mediutiine fractions assigned to links € K for the separate use of
is accessed concurrently by linkse K, which are assigned Single resources < N. Thus, vectora,. groups the relative
ensembles of OFDM carriers. The OFDM carriers correspotighe fractions which are assigned to likkfor the exclusive
to orthogonal medium resourcesc N. use of resources € N. We assume the set of allowable time
We assume throughout the work > K. This is justified sharing matrices as
for CDMA and OFDM networI§S, in which .the n.umber ong) — {A RN lagll, = rik € K, ||r]l, = N,
spreading sequences and carriers, respectively, is usually n X
smaller than the number of links. We denote by maffix= > amn <LneN}, r=(r,...,rg) €RE,.
(prn) = (P1, - .-, Px)’ € RE*N the power allocation, that is, keX
the matrix of transmit powers a_lllocated to pairs of links _anF'reciser,A € A(r) means that link: uses the fractiom; /N
resources. Thus, vectgs;, contains the powers used by linkof all resources on average over time. The parameter vector
k on resources: € V. We assume one of the sets r/N contains the fractions o¥ assigned to linkg € K over
time. For instance, under= 1 each link is assigned an equal
P, = {P e REXN . |||P|||, < P}, o N of . g q
N raction N/K of resources over time.
Py ={P e Ry t|plly < Pr,k € K}

B. Interference Networks

as the set of allowable power allocations. . L .
In interference networks each link is usually assigned a

The setP, can correspond FO th_e cellular fjownlmk, Wher":o‘ingle nonorthogonal resource and we restrict us here to such
sum-power of the base station is constrained. The 73et ase. Thus, onlyK from N nonorthogonal resources are

corresponds to single-hop ad-hoc networks or cellular uplin SFigned to linkst € K As a consequence, only one entry

wherg each link power .'S constrained. Sometlmes a un.'verﬁ‘\"‘each row of P is nonzero, and we assume without loss of
notation P € {Ps,P;} is used. The requirements of links

i ) i —generality that this is the entry,, k € K.
k € K with r_espect to considered link perfo[r(mance metnc% The link SIR is the link performance metric of interest
are grouped in the vectey = (v;,...,7x) € RE,.

in interference networks, since most relevant measures of
perceived end-performance can be expressed as monotone
functions of the link SIR [3], [7], [8]. This includes the

In orthogonal networks, the set of resourc¥sis shared data rate, and approximately also the bit-error-rate under soft-
over time by the linksk € K. Each link-resource pair decision decoding [12].
(k,n) € K x N is parameterized by its fixed channel and Under linear receivers, the link SIR can be written as [4],
noise variance value. For orthogonal networks we introdu€g
general performance functions SIR, (B, P) — Dick e

Yiex 1k Oktl it |2/ || Ppu + o3

where hy; denotes the coefficient of the channel from the
The vector-valued functiorfy, contains the performance mettransmitter of linkl € K to the receiver of linkk, and o?

rics of link k € K, as functions of power allocation, associatedenotes the Gaussian noise variance at the output of receiver

A. Orthogonal Networks

P~ fi(P)=(fia(P),..., fin(P)), PeP, kek.

with resources: € N. We requirefy, k € K to satisfy of link k € K. Matrix B = [by] = (b1,...,bg) € REXE,
Conditions 1: is referred to as interference matrix and contains pairwise

i) fu(P) € Rﬁ, P e P, ke K (fx is nonnegative), coefficients of interference attenuation in the network. Thus,

ii.) fxn is decreasing impg,, (k,n) € K x N. vector b;, contains the coefficients of interference from links

Examples of such performance functions are; l € K, I # k perceived at the receiver of link and the



elementby, which can be set arbitrarily. For our purposes i # [, and with
is convenient to sel,;, = 1. 1 1
For a synchronous CDMA network, such as CDMA down- V(ir)=B(r), v=(z-7) (8)
link, it is known that the interference matrix can be expressed|t can be seen that the functio%l§, k 67;5 defined in (7)
precisely asB = [|(cx, s:)|’], with s, ¢, € RM, k € K satisfy Conditions 1 fork — N. Thus, by Proposition 1, the
as spreading sequences and correlation receivers, respectifgix-min fairness problem (6) for an interference network is
[6]. a particular instance of the max-min fairness problem for an
To account for constraints on the design of beamformers &fthogonal network. Equivalently, (4) is a unifying form of
correlation receivers and spreading sequences, we assumeHBénax-min fairness problem for orthogonal and interference

inclusion of the interference matrix in networks. The particular problem version for interference
B(r)={B e RE*N by = 1, ||bg||, < ri kb €K, networks is yielded from (4) by
b, = r; for somej € K}, r=(r1,...,rx) ERE,. i.) setting K = N and choosing the particular performance

X . functions f, k € K, defined in (7),
Thereby, the parameter vectore R ', can be set arbitrarily j; y setting (8), which includes taking the link performance
in order to to account for a large class of beamformer designg,irements as inverse SIR requirements.

and correlation receiver and spreading sequence designs (see
e.g. [6] for the case of certain families of spreading sequencesyY. GRAPHVIEW OF TIME SHARING AND INTERFERENCE

I1l. UNIEYING FORM OF THE FAIRNESS PROBLEM The general network type-insensitive form of the fairness

We consider max-min fairness as the desired notion BFOblem (4) suggests us the use of a network type- insensitive
fairmess to be ensured matrix V€ V(r), N > K, as a means of network description.

Definition 1: Given link performance requirements we We can refer to such universal matrix simply as a network

say that (relative) max-min fairness is achieved in the ner{]atrix. A network matrix re}gres_ents some time sharing m_atrix
work if the worst-case ratio of link performance value and°M Y(7) = A(r), r € R, if an orthogonal network is
corresponding requirement;, is maximally improved considered, or it corresponds to an interference matrix from
For orthogonal networks, we assumed general link pe)(-(r)
formance functionsf,, & € K, satisfying Conditions 1. network. _ ) . )
Thus, givenr and link performance requirementg, the For a _network matr_|x_we_ca}n define a simple relation
worst-case link performance aggregated over all orthog€Ween its rows, by distinguishing the cases
nal resources, relative to the corresponding requirement is (vg,v;) >0,
maxke;dak,fk(P»/q/k, with (A,P) S .A(T) x P, which
has to be minimized in order to achieve max-min fairness. o o
Thus, inverting the ratio, the max-min faimess problem idrelations (9) give rise to the definition of the network graph

= B(r), » € RE,, in the case of an interference

(o5 1) = 0 E#1, (k1) e K2 9)

K (undirected) graph is defined in the usual way, as a set of graph
v ng%’fr)xp e (s fr(P)) re Ry, (4)  nodesk and a set of graph edges, with an edge represented

as a pair of nodesk, ) € K2 which it connects. We say that
a node pair(k,) € K? in the graph is adjacent iffk, ) is an
V(r)=A(r), vyeRE,. (5) edge (pertains to the set of edges) of the graph [13].

In interference networks, the link SIR is the desired link "€ manner in which the row relations (9) of a network
performance metric. Thus, given somend link SIR require- Matrix V'€ V(r) induce the corresponding network graph
ments4, the valueminycx SIRy (B, P) /45, with (B, P) € Was o_rlgl_nally proposed in Lovasz's semm_al work [14].

B(r) x P, represents the worst-case link performance relative D€finition 2: The network graplt: (V') defined on the node
to the corresponding requirement. Hence, we can write ALK and determined by a network matriX € V(r) is such

max-min faimess problem in interference networks as ~ that @ node pair(k, () is adjacent inG(V) iff (v, v) >
0. Network matrix V" is referred then as an orthonormal
 SIR\(B, P)

max mi . , r4eRf¥.. (6) representation of the network graghi(V).
(B,P)EB(r)xP kek Tk The obtained network grapt¥(V) is not only a universal

A key observation is that problem (6) is equivalent to gharacterization of orthogonal and interference networks. It
particular instance of problem (4). is additionally a combinatorial characterization, that is, it

Proposition 1: The max-min fairness problem (6) for an injs determined solely by binary relations of adjacency and
terference network is equivalent to problem (4), with functionfonadjacency of its nodes.
fr, k € K, such that for some = ¢(%) > 0 A network graph is easily interpretable in terms of time
sharing and interference. For orthogonal networks, adjacency

with functions f3, k € K, satisfying Conditions 1 and

o [Pt ®pu

Tk > . . .
fre(P)=1 P> Prk 2 € fu(P)= }Zkkl\,fpkk Pl =€ 6f the node pair(k,!) in the network graph or, equivalently,
ZE pre <€ 7\;;“5: prk < € inequality in (9), means that there is a resounce N which

(7) is shared by both linkg:, . Hereby, we say that a resource



is shared by links:, ! if it is used separately by linké and % 1 o 7

I some fraction of time. For interference networks, adjacency 2 A HOXIOXIXOPX

of the node pair(k,!) in the graphG(V), or, equivalently, < 7 2AXOOXXOO

inequality in (9), means that either there is a lifike K, sl OPX X IOIOX X

Jj # 1, j # k, which causes interference at the receivers of 3

both links k, 1, or one of the links in the paitk,!) causes \ % HOXIXIOIOPXIX
4

interference at the receiver of the other link in the hair
Analogously, nonadjacency of the pair, ) in the network

graph means in orthogonal networks that likkdoes not 1 4

share any common resource with liikk Nonadjacency of

the pair (k,7) in the graphG(V) in interference networks

means that the receivers of lmlksl do not have a common Fig. 1. On the left-hand side we have an interference network Witk 4,

interferer j € K and none of the links in the paifk,l) with link transmitters and receivers labeled byand x, respectively, and the
causes interference at the receiver of the other link in the paimresponding link number. An arrow from link transmitteto link receiver

Examples of an orthogonal and interference network WhickHienotes interference (i.65; > 0). On the right-hand side we have a mask
of a time sharing matrix of an orthogonal network with= 4, N = 7. The

20 <

have the same network graph are depicted in Fig. 1. (k,n)-th entry in the mask is labeled by if link k uses resource. some
. fraction of time. Otherwise the entry is labeled By The resulting network
A. The Lovas®-Function graph, common for both networks, is depicted at the bottom.

A network graphG(V') can be associated the value of the
weighted Lovas®-function ©(G(V), x), with some weight K
vectorz € RX. The weighted Lovas®-function (in short©- with V(r) € {A(r), B(r)}, r € RY,.. Then,

function) is defined on graphs and vectors and was introduced G (v),w?) . 42 O(G(V),w?)
by Lovasz (in unweighted form) in [14]. Th@-functon — . —0< mmax min 2 S )
| . A (vV.P)e kek (v, fi(P)) c

was used originally to characterize the graph capacity in V(r)xP

the framework of zero-error information theory. Numerous (10)

analytical representations of ti@-function are known [15]. With

For the proofs of our results, we need the following one. w=w(ry)=M/r,. ... 7x/TK) (11)
Proposition 2: Let G = G(V) be the network graph ¢ = c(P) = maxpex (fx(P), fr.(P)),

induced by a network matri¥ € V(r). Then, we have
oG, w?) = in Ama(C), = (wy, ..., e RE,
(G w') = pin ) nedC), = (w1, wk) €RY P /S
— 55
with w? = (w?,...,w%) and the class of matrices ¢ AP, (VRIEVIPREE (o fk(P)g

12)
C’(G,w) = {C = (Ck:l) S RKXK D e = wiw if with [ = alrgmanEIC<fk(P_)v fk(P)> )
(k,1), k # | is nonadjacent irG, or k = I}. An outl!r)e of the pr_oof is given in the Appeljd|x.
Proposition 3 provides bounds on the optimum value of
In other words, the value of th®-function of a network the problem (4), under the assumption of bounded link
graph G(V) and weight vectorw® is simply the minimum performance functions. In the case of orthogonal networks,
spectral radius achieved in the class of (symmetric) matricg§merous performance metrics of common interest, such as
which indicate the nonadjacency of any two nodésl) in  the BER metric (1) and the MMSE metric (2), are bounded.
the network graph by the valueyw;. The link performance functions (7), which have to be set
in problem (4) to yield the max-min fairness problem for

) interference networks (Proposition 1) are bounded as well.
The obtained common problem form (4) and the resulig, s (10) represents lower and upper bounds on link per-

of Section IV indicate that the problem of max-min faimesg,mance achieved under max-min fairness in orthogonal and
is related to some network type-insensitive graph notion. |pierference networks. The Proposition allows for the follow-

and some) = §(P,V,P,V(r)) > 0 expressed as

V. UNIFYING DESCRIPTION OFFAIRNESS PERFORMANCE

broad terms, this is precisely our first main result. ing interpretation (by relative performance we mean now the

_ Proposition 3:Let ¢ = G(V) be the network graph ratig of performance requirement and performance value);

induced by a network matri¥” € V(r), let fi, k € K, be i) The square of the worst relative link performance

bounded and satisfy Conditions 1 and define achieved under max-min fairness in a network is not larger
Vi than ©(G(V),w?)/c. Hereby, O(G(V),w?) is the ©-

V,P)= in _ . :
(V. P) arg(V,P?é%}((r)xP kex (vg, fe(P))’ function value of the network graph induced by a max-min
fair network matrixV', andw, c are given by (11).

INotice from (9) and the definition of3(r) that the latter case is a i) The square of the worst relative link performance
consequence of the assumed positivity of the diagonal elements of an hi d d in fai . Ki b
interference matrix. By setting the diagonal elements to zero, the topolo@% leved under max-min fairness in a network Is at most by

of the network graph changes, but all the results of this work remain true.d, given in (12), smaller than the val@(G(V'), w)/c.



From (11) can be seen that tifunction of the network  Proposition 4: Let all assumptions of Proposition 3 be
graph in the bounds (10) is weighted by the veciot of satisfied. Then, i = P,, we haves = 0 and thus

squared link performance requiremenjis normalized by the 9 O(C(V). w?
corresponding coefficients;, k € K, which parameterize the max min — 2k = (GV),w )7 (13)
set of allowable network matrice¥(r). For an interference (V.P)e kek (v, fi(P)) ¢

; . ; . V(r)x P,
network, we can not give an easy interpretatiorugf (notice (rx

that in this case the performance requirements occurring inwith V(r) € {A(r),B(r)}, r € R¥, and w,c defined in
are the inverse link sir requirements (8)). For an orthogon@ll).
network however, the parameter vecigfN groups the frac-  Proposition 4 says that the gap in (10) vanishes in
tions of the resource set assigned to links over time. Thus, e particular case of sum-constraint on the allocated link
interpretation of the weight vectap is as follows; powers. This includes the case of orthogonal cellular downlink
iii.) In an orthogonal network, the weight vectar in (11) or cellular downlink with interference, for which we can
contains the requirements on link performance recalculated fermulate the following interpretation of Proposition 4,
a single resource. In other words, for orthogonal networks thev.) In a cellular downlink, the square of the worst relative
©-function in the bounds (10) is evaluated for the vector dink performance achieved under max-min fairness is equal to
squared per-resource requirements on link performance. the scaledd-function value of the network graph induced by
The scaling factor: in the bounds (10) corresponds to thénax-min fair network matrix, and with weight vectar given
largest2-norm of a link performance functiorf,, k¥ € K, by (11). The scaling factor corresponds to the largesbrm
evaluated for a max-min fair power allocation. For interfefof @ link performance functiory, k£ € K, evaluated for a
ence networks, we need the specific setting (7) of the limRax-min fair power allocation.
performance function in the fairness problem (4), wheie

. L VI. GENERAL DI ION
positive and arbitrarily small angl;, > ¢ > 0, k € K. Thus, G scussio

we yield for interference networks The obtained network type-insensitive characterizations
(10), (13) indicate that combinatorial (binary) graph properties
\hkl|2ﬁ” o} of the interference coupling in an interference network and
¢ = 1ax 2 e f the time sharin licy in an orthogonal network ar
kek 1eK, 14k |hkk| Pkk kek Pkk 0 e € sharing policy an orthogona etwo are

decisive for link performance under max-min fairness. The
characterizations imply also that graph description is a suitable
universal description of seemingly different mechanisms, such
The valued is the maximum gap between the squaregs sharing of orthogonal resources and interference. Thus, one
worst relative link performance under max-min fairness anghn say that, in broad terms, interference and time sharing of
the value of thed-function of the network graph induced byorthogonal resources are the same mechanisms from the point
max-min fair network matrix. The first term in the expressionf view of max-min fairness.
of 9 (12) is the maximum relative performance that would be The amount of information on the network contained in the
achieved by a max-min fair network matrix, if the performance-function value of its network graph is quite small com-
function of each linkk € KC assumed the valug(P). Hence, pared with the full network description by all its parameters.
we can formulate the following interpretation of the g8p  Nevertheless, Propositions 3, 4 show that this combinatorial
iv.) The valuesé is the difference between the squared worstformation, and a single2-norm value, are sufficient for
relative link performance under max-min fairness and thihe determination of (at least tight bounds on) worst relative
squared best relative link performance that would be achieviitk performance under max-min fairness, regardless of the
under a max-min fair network matrix and power allocationetwork type. More precisely, (10) and (13) are determined
V, if the performance function of each link € K assumed merely by
the value with maximun2-norm in K under a max-min fair  i.) the spectral properties of some graph induced by max-
power allocationP. min fair network matrix according to the orthogonal represen-
More abstractly, one can say théatis a specific metric tation principle [14] (recall Proposition 2),
of imbalance in link performance occurring under max-min ii.) the 2-norm of a single value of a link performance
fairness. Precisely, if the dispersion horms of link perfor- function.
mance function values under max-min fair power allocation is Feature i.) says, that the max-min fair network matrix
small, the bounds (10) are near each other. That is, the va{ttee max-min fair time sharing matrix or the interference
O(G(V),w?)/c is then a good approximation of the worsmatrix resulting, e.g., from the use of max-min fair sequences)
relative link performance under max-min fairness. From (1®)fluences the link performance only through the spectrum of
can be seen that the value of the gap is determined meri$yinduced graph. Feature ii.) implies a similar conclusion,
by the setsP and V(7). This means that is specific for that values of link performance functions influence the (given
the constraints on power allocations and network matrices tight bounds on) link performance under max-min fairness
hand. Fortunately, for some type of constrainteecomes zero, only through the maximur2-norm under max-min fair power
which is our second main result. allocation.

A. Equality Characterization



To the best of our knowledge, general characterizationsTo

prove the bound, take C

upper

comparable with (10), (13) for the case of an orthogonatgminCGC(G(V)’w) Ama(C). Then, one can show that

network with N > K and for the case of an interferencahere exists X
network witho} > 0, k € K, do not exist. However, for the ¢(Ana(C)) — C)

special case of an interference-dominated netweik £ 0,

known result is that, givea? = 0, k € K, we have [3]

. SIR.(B, P) 1
sup  min -
PepnRICK kek Tk

B Amax( Diag (%) D(B))

» (14)

with the matrix functionD(B) = [bx|hw|?/|her]’], B
(bie) € B(r), r € RE_. Clearly, (14) is satisfied in particular
for the max-min fair interference matrii, which solves (6).

Thus, with Propositions 1, 4 we yield fg = P, that
1 _ O(G(B),w?)

Amax(Diag(:Y)D(B))z ¢

; (15)

up = ug(h,zy) such that(h,u;)/v;
with I; = |lu;||, alsol; < r;, j € K. Using the parameterized
setD;(z) = {D € RY*N ¢ ||di, = a1,k € K}, i = 1,2,

x € RE, these features of the vectoss, j € K yield

due to U € Di(1)
dDy(c1). Further, with the minmax-maxmin inequality,
some
that (fi(P),...

: 2 2
wherew, ¢ are given by (11) and vectoy is obtained from Mill(D,E)esD: (1) x5Ds (1) MaXkek Vi/ (€r. di)

(x1,...,zx) € RNXE such that
X’'X, and such thatzy, ¥ € K

have a zero entry on the last position. Using the fact that
k € K), we can relate our results to the known results ofar A

power control for CDMA networks [8], [3]. For instance, ave define a specific matrixXy = (uq,

= (0,...,0,4/c) we have (h,xy) = 0, k € K
...7’U,K)/, with

\/¢/Amad(C), and

2
ma: 77k’
(D,E)esD1 (1) x5Ds(c1) keK {(ey, di)?

C Dy(r) and (h,...,h) €

(16)

and the fact
we obtain

>

convex—theorgtic arguments
fx(P)) € 6Da(el),

4 by (8). In this sense, Propositions 1, 4 can be seen as tA&%(D,E)€sD: (1) x6D;(c1) mink;’? i/ (ex, di)? = ?Q(va)-
extension/ generalization of the results on max-min fairneBy the definition ofC', Proposition 2 and (16) this completes
in interference-dominated networks to the case of genef@f proof.

interference networks and orthogonal networks.

The results of this work indicate that graph-related al-
gorithmic tools might possibly be an aid in the design of
novel algorithms finding the max-min fair power allocation [
and max-min fair network matrix. For instance, from the
structure of the unifying problem (4) we can conclude that[3]
an alternating algorithm design, of the type proposed e.g.
in [7], is likely to converge. Applied to (4), such algorithm
type consists in the alternation of iteration steps optimizing[4]
the power allocations and network matrices, respectively. The
obtained characterizations suggest to observe after each iter-
ationi € N the valuesc(i) = maxer (fiu(P(D)), fu(P@))
and ©(G(V (i)),w?) (or at least some approximation of the
latter one [15]). Then, according to (10), (13), the ratio[6]
O(G(V (i + 1)),w?)e(i)/(c(i + 1)O(G(V (i), w?)) might
serve as an indication of the distance to the optimuga+dtth
iteration and can give rise to some exit condition.

(1]

(7]
VIlI. APPENDIX- (SKETCH OF) PROOF OFPROPOSITION3

Define ¢(V,P) = mingexy/(vi,fr(P)). and the I[8]

vectors zp = wp(fi(P)/Ve — Vevr/(fi(P), k),
ke K. We have then(z;,z;) = —ww; Iff 9]
j # k and pair (j,k) is nonadjacent inG(V),
and (zp,zr) < —w? + cy2/(fi(P),d;)2. Then, [
defining Z = (z1,...,2zx) we yield Z'Z <

—~C  + Diag(cv}/(fi(P),81)?,...,cv /{fi(P),v)?), [L1]
where C € C(G(V),w) (see Proposition 2).
The additon of c¢(¢?(V,P) + &I and some
manipulations yield thenc(¢*(V,P) + &)I — C = 0
if 0 maxyex v/ (fi(P), vx)%> — ¢*(V,P). But
this implies ¢*(V,P) > Ana{C)/c — 4, and with
Ama(C) > mingee vy ) Amal(C) = O(G(V),w?),
by Proposition 2, proves the lower bound.

[12]
[13]
[14]

[15]
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