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Abstract— We propose a unifying framework for max-min
fairness in orthogonal networks and networks with interference.
First, a universal formulation of the max-min fairness problem
for orthogonal networks and networks with interference is pre-
sented. This shows that orthogonal networks and networks with
interference can be universally described by a graph, induced by
time sharing of resources and interference coupling, respectively.
As a consequence, a unifying graph-related characterization of
performance achieved under max-min fairness is obtained.

I. I NTRODUCTION

Fairness represents an important goal in the design of
resource allocation policies for wireless networks. In multi-
hop ad-hoc networks, it is usually desired to achieve fairness
with respect to performance metrics (such as data-rate, or bit-
error-rate) associated with end-to-end routes [1], [2]. In single
hop communication, fairness is desired with respect to link
performance metrics. The mostly used notion of fairness is the
max-min fairness, which corresponds to ideal social fairness
and consists in the maximal possible improvement of the worst
performance metric [3].

For networks with interference, the issue of max-min fair-
ness has been addressed frequently. Networks with interfer-
ence include cellular networks with multi-antenna base-station
using receive/ transmit beamforming, and cellular CDMA
(Code Division Multiple Access) networks as the most promi-
nent examples [4], [5]. In such networks the interest is usually
in max-min fairness with respect to link SIR values (Signal to
Interference Ratio) relative to the given link SIR requirements.
A related form of such max-min fairness problem is the
minimization of total transmit power, provided that the SIR
values exceed the corresponding SIR requirements [4], [6], [7].
In this widely-studied problem, the optimal power allocation
solves a linear matrix equation and the link performance can be
characterized by means of Perron-Frobenius Theory [3], [6],
[7], [8]. However, not much is known on the link performance
achieved under max-min fairness when the power allocation is
optimized jointly with the transmit/ receive policy, that is, with
transmit/ receive beamforming vectors, or correlation receivers
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and spreading sequences (CDMA). See e.g. [5], [6], [7] for
insights into such more general max-min fairness problem.

For orthogonal networks, the issue of max-min fairness
has been addressed in [9], [10] [11] (and references therein).
Concurrently, a cellular OFDM (Orthogonal Frequency Di-
vision Multiplex) network appears to be the most relevant
example of an orthogonal network. In [9], the max-min fair
carrier and antenna assignment is studied for a multi-antenna
OFDM network. More generally, in [10] the performance of
joint max-min fair power allocation and orthogonal resource
assignment is characterized within the framework of so-called
blocking and antiblocking polyhedra. The characterization of
link performance achieved under max-min fairness provided
in [10], is however in form of bounds and a duality-like
optimization problem.

In this work we aim at providing a unifying characterization
of link performance achieved under max-min fairness for wire-
less networks with interference, such as CDMA, and wireless
orthogonal networks, such as OFDM. According to the above,
such characterization is, to the best of our knowledge, not
known in satisfactory generality.

i.) We obtain a unifying formulation of the max-min fair-
ness problem for (single-hop) networks with interference and
orthogonal networks (Section III).

ii.) We propose a universal description of networks by
graphs, which is suggested by the obtained unifying problem
formulation (Section IV). In the case of orthogonal networks,
such graph is induced by the time sharing of orthogonal re-
sources. In networks with interference, the graph is determined
by the interference coupling.

iii.) As a consequence, we obtain the main result in form
of unifying inequality and equality characterizations of link
performance achieved under max-min fairness in networks
with interference and in orthogonal networks (Sections V, VI).

II. M ODELS AND PRELIMINARIES

We consider a general single-hop wireless network model.
The set of links is denoted byK = {1, . . . , K}. The set
of medium resources in the network is denoted byN =
{1, . . . , N}. We do not regard transmit power as a medium
resource. We address two main types of networks.



i.) Networks with interference, or simply interference net-
works: For interference networks we assume that the medium
resourcesn ∈ N are nonorthogonal, i.e. the links accessing the
wireless medium interfere. For instance, in a CDMA network
the wireless medium is accessed concurrently by linksk ∈ K,
which utilize different spreading sequences [6]. In a cellular
downlink/ uplink with multi-antenna base station, the linksk ∈
K utilize different spatial directions of transmission/ reception,
described by Minimum Mean Square Error (MMSE) transmit/
receive beamformers [5], [7]. The spreading sequences and
beamformers correspond to nonorthogonal medium resources
n ∈ N .

ii.) Orthogonal networks: For orthogonal networks we as-
sume that the medium resources are orthogonal, i.e. the links
assigned some medium resources do not interfere with each
other. For instance, in an OFDM network the wireless medium
is accessed concurrently by linksk ∈ K, which are assigned
ensembles of OFDM carriers. The OFDM carriers correspond
to orthogonal medium resourcesn ∈ N .

We assume throughout the workN ≥ K. This is justified
for CDMA and OFDM networks, in which the number of
spreading sequences and carriers, respectively, is usually no
smaller than the number of links. We denote by matrixP =
(pkn) = (p1, . . . , pK)′ ∈ RK×N

+ the power allocation, that is,
the matrix of transmit powers allocated to pairs of links and
resources. Thus, vectorpk contains the powers used by link
k on resourcesn ∈ N . We assume one of the sets

Ps = {P ∈ RK×N
+ : |||P |||1 ≤ P},

Pi = {P ∈ RK×N
+ : ‖pk‖1 ≤ Pk, k ∈ K}

as the set of allowable power allocations.
The setPs can correspond to the cellular downlink, where

sum-power of the base station is constrained. The setPi

corresponds to single-hop ad-hoc networks or cellular uplink,
where each link power is constrained. Sometimes a universal
notation P ∈ {Ps,Pi} is used. The requirements of links
k ∈ K with respect to considered link performance metrics
are grouped in the vectorγ = (γ1, . . . , γK) ∈ RK

++.

A. Orthogonal Networks

In orthogonal networks, the set of resourcesN is shared
over time by the linksk ∈ K. Each link-resource pair
(k, n) ∈ K × N is parameterized by its fixed channel and
noise variance value. For orthogonal networks we introduce
general performance functions

P 7→ fk(P ) = (fk1(P ), . . . , fkN (P )), P ∈ P, k ∈ K.

The vector-valued functionfk contains the performance met-
rics of link k ∈ K, as functions of power allocation, associated
with resourcesn ∈ N . We requirefk, k ∈ K to satisfy

Conditions 1:
i.) fk(P ) ∈ RN

+ , P ∈ P, k ∈ K (fk is nonnegative),
ii.) fkn is decreasing inpkn, (k, n) ∈ K ×N .

Examples of such performance functions are;

i.) Bit-Error-Rate (BER) function, for which we have (under
most relevant modulation schemes and Gaussian noise)

fkn(P ) = Q((ckn|hkn|2pkn)
1
2 ), (1)

with Q as the MarcumQ-function,hkn as channel of linkk on
resourcen and noise-dependent constantckn, (k, n) ∈ K×N .

ii.) MMSE function, for which we have (under the MMSE
receiver)

fkn(P ) = (1 + bkn|hkn|2pkn)
−1

, (2)

with noise-dependent constantbkn, (k, n) ∈ K × N . Due to
orthogonality we have for the most relevant metricsfkn(P ) =
fkn(pkn), (k, n) ∈ K ×N , as is the cases of (1), (2).

We denote by the matrixA = (akn) = (a1, . . . , aK)′ ∈
RK×N

+ the time sharing matrix, that is, the matrix of relative
time fractions assigned to linksk ∈ K for the separate use of
single resourcesn ∈ N . Thus, vectorak groups the relative
time fractions which are assigned to linkk for the exclusive
use of resourcesn ∈ N . We assume the set of allowable time
sharing matrices as

A(r) = {A ∈ RK×N
+ : ‖ak‖1 = rk, k ∈ K, ‖r‖1 = N,∑

k∈K
akn ≤ 1, n ∈ N}, r = (r1, . . . , rK) ∈ RK

++.

Precisely,A ∈ A(r) means that linkk uses the fractionrk/N
of all resources on average over time. The parameter vector
r/N contains the fractions ofN assigned to linksk ∈ K over
time. For instance, underr = 1 each link is assigned an equal
fraction N/K of resources over time.

B. Interference Networks

In interference networks each link is usually assigned a
single nonorthogonal resource and we restrict us here to such
case. Thus, onlyK from N nonorthogonal resources are
assigned to linksk ∈ K As a consequence, only one entry
in each row ofP is nonzero, and we assume without loss of
generality that this is the entrypkk, k ∈ K.

The link SIR is the link performance metric of interest
in interference networks, since most relevant measures of
perceived end-performance can be expressed as monotone
functions of the link SIR [3], [7], [8]. This includes the
data rate, and approximately also the bit-error-rate under soft-
decision decoding [12].

Under linear receivers, the link SIR can be written as [4],
[7]

SIRk(B,P ) =
pkk∑

l∈K , l 6=k bkl|hkl|2/|hkk|2pll + σ2
k

, (3)

where hkl denotes the coefficient of the channel from the
transmitter of link l ∈ K to the receiver of linkk, and σ2

k

denotes the Gaussian noise variance at the output of receiver
of link k ∈ K. Matrix B = [bkl] = (b1, . . . , bK)′ ∈ RK×K

+ ,
is referred to as interference matrix and contains pairwise
coefficients of interference attenuation in the network. Thus,
vector bk contains the coefficients of interference from links
l ∈ K, l 6= k perceived at the receiver of linkk and the



elementbkk, which can be set arbitrarily. For our purposes it
is convenient to setbkk = 1.

For a synchronous CDMA network, such as CDMA down-
link, it is known that the interference matrix can be expressed
precisely asB = [|〈ck, sl〉|2], with sk, ck ∈ RM , k ∈ K
as spreading sequences and correlation receivers, respectively
[6].

To account for constraints on the design of beamformers or
correlation receivers and spreading sequences, we assume the
inclusion of the interference matrix in

B(r)={B ∈ RK×K
+ : bkk = 1, ‖bk‖1 ≤ rk, k ∈ K,

‖bj‖1 = rj for somej ∈ K}, r=(r1, . . . , rK)∈RK
++.

Thereby, the parameter vectorr ∈ RK
++ can be set arbitrarily

in order to to account for a large class of beamformer designs
and correlation receiver and spreading sequence designs (see
e.g. [6] for the case of certain families of spreading sequences).

III. U NIFYING FORM OF THEFAIRNESSPROBLEM

We consider max-min fairness as the desired notion of
fairness to be ensured.

Definition 1: Given link performance requirementsγ, we
say that (relative) max-min fairness is achieved in the net-
work if the worst-case ratio of link performance value and
corresponding requirementγk is maximally improved.

For orthogonal networks, we assumed general link per-
formance functionsfk, k ∈ K, satisfying Conditions 1.
Thus, given r and link performance requirementsγ, the
worst-case link performance aggregated over all orthogo-
nal resources, relative to the corresponding requirement is
maxk∈K〈ak, fk(P )〉/γk, with (A,P ) ∈ A(r) × P, which
has to be minimized in order to achieve max-min fairness.
Thus, inverting the ratio, the max-min fairness problem for
orthogonal networks can be formulated as

max
(V ,P )∈V(r)×P

min
k∈K

γk

〈vk, fk(P )〉 , r ∈ RK
++, (4)

with functionsfk, k ∈ K, satisfying Conditions 1 and

V(r) = A(r), γ ∈ RK
++. (5)

In interference networks, the link SIR is the desired link
performance metric. Thus, given somer and link SIR require-
mentsγ̂, the valuemink∈K SIRk(B,P )/γ̂k, with (B,P ) ∈
B(r)×P , represents the worst-case link performance relative
to the corresponding requirement. Hence, we can write the
max-min fairness problem in interference networks as

max
(B,P )∈B(r)×P

min
k∈K

SIRk(B, P )
γ̂k

, r, γ̂ ∈ RK
++. (6)

A key observation is that problem (6) is equivalent to a
particular instance of problem (4).

Proposition 1: The max-min fairness problem (6) for an in-
terference network is equivalent to problem (4), with functions
fk, k ∈ K, such that for someε = ε(γ̂) > 0

fkk(P )=

{
σ2

k

pkk
pkk ≥ ε

σ2
k

ε pkk < ε,
fkl(P )=





|hkl|2pll

|hkk|2pkk
pkk ≥ ε

|hkl|2pll

|hkk|2ε
pkk < ε,

(7)

k 6= l, and with

V(r) = B(r), γ = (
1
γ̂1

, . . . ,
1

γ̂K
). (8)

It can be seen that the functionsfk, k ∈ K, defined in (7)
satisfy Conditions 1 forK = N . Thus, by Proposition 1, the
max-min fairness problem (6) for an interference network is
a particular instance of the max-min fairness problem for an
orthogonal network. Equivalently, (4) is a unifying form of
the max-min fairness problem for orthogonal and interference
networks. The particular problem version for interference
networks is yielded from (4) by

i.) settingK = N and choosing the particular performance
functionsfk, k ∈ K, defined in (7),

ii.) setting (8), which includes taking the link performance
requirements as inverse SIR requirements.

IV. GRAPH V IEW OF TIME SHARING AND INTERFERENCE

The general network type-insensitive form of the fairness
problem (4) suggests us the use of a network type- insensitive
matrixV ∈ V(r), N ≥ K, as a means of network description.
We can refer to such universal matrix simply as a network
matrix. A network matrix represents some time sharing matrix
from V(r) = A(r), r ∈ RK

++, if an orthogonal network is
considered, or it corresponds to an interference matrix from
V(r) = B(r), r ∈ RK

++, in the case of an interference
network.

For a network matrix we can define a simple relation
between its rows, by distinguishing the cases

〈vk, vl〉 > 0,

〈vk, vl〉 = 0,
k 6= l, (k, l) ∈ K2. (9)

Relations (9) give rise to the definition of the network graph
which is induced by a network matrixV ∈ V(r). Such
(undirected) graph is defined in the usual way, as a set of graph
nodesK and a set of graph edges, with an edge represented
as a pair of nodes(k, l) ∈ K2 which it connects. We say that
a node pair(k, l) ∈ K2 in the graph is adjacent iff(k, l) is an
edge (pertains to the set of edges) of the graph [13].

The manner in which the row relations (9) of a network
matrix V ∈ V(r) induce the corresponding network graph
was originally proposed in Lovasz’s seminal work [14].

Definition 2: The network graphG(V ) defined on the node
setK and determined by a network matrixV ∈ V(r) is such
that a node pair(k, l) is adjacent inG(V ) iff 〈vk, vl〉 >
0. Network matrixV is referred then as an orthonormal
representation of the network graphG(V ).
The obtained network graphG(V ) is not only a universal
characterization of orthogonal and interference networks. It
is additionally a combinatorial characterization, that is, it
is determined solely by binary relations of adjacency and
nonadjacency of its nodes.

A network graph is easily interpretable in terms of time
sharing and interference. For orthogonal networks, adjacency
of the node pair(k, l) in the network graph or, equivalently,
inequality in (9), means that there is a resourcen ∈ N which
is shared by both linksk, l. Hereby, we say that a resource



is shared by linksk, l if it is used separately by linksk and
l some fraction of time. For interference networks, adjacency
of the node pair(k, l) in the graphG(V ), or, equivalently,
inequality in (9), means that either there is a linkj ∈ K,
j 6= l, j 6= k, which causes interference at the receivers of
both links k, l, or one of the links in the pair(k, l) causes
interference at the receiver of the other link in the pair1.

Analogously, nonadjacency of the pair(k, l) in the network
graph means in orthogonal networks that linkk does not
share any common resource with linkl. Nonadjacency of
the pair (k, l) in the graphG(V ) in interference networks
means that the receivers of linksk, l do not have a common
interferer j ∈ K and none of the links in the pair(k, l)
causes interference at the receiver of the other link in the pair.
Examples of an orthogonal and interference network which
have the same network graph are depicted in Fig. 1.

A. The LovaszΘ-Function

A network graphG(V ) can be associated the value of the
weighted LovaszΘ-function Θ(G(V ),x), with some weight
vectorx ∈ RK

+ . The weighted LovaszΘ-function (in short,Θ-
function) is defined on graphs and vectors and was introduced
by Lovasz (in unweighted form) in [14]. TheΘ-function
was used originally to characterize the graph capacity in
the framework of zero-error information theory. Numerous
analytical representations of theΘ-function are known [15].
For the proofs of our results, we need the following one.

Proposition 2: Let G = G(V ) be the network graph
induced by a network matrixV ∈ V(r). Then, we have

Θ(G,w2) = min
C∈C(G,w)

λmax(C), w = (w1, . . . , wK) ∈ RK
+ ,

with w2 = (w2
1, . . . , w

2
K) and the class of matrices

C(G,w) = {C = (ckl) ∈ RK×K : ckl = wkwl if

(k, l), k 6= l is nonadjacent inG, or k = l}.
In other words, the value of theΘ-function of a network

graph G(V ) and weight vectorw2 is simply the minimum
spectral radius achieved in the class of (symmetric) matrices
which indicate the nonadjacency of any two nodes(k, l) in
the network graph by the valuewkwl.

V. UNIFYING DESCRIPTION OFFAIRNESSPERFORMANCE

The obtained common problem form (4) and the results
of Section IV indicate that the problem of max-min fairness
is related to some network type-insensitive graph notion. In
broad terms, this is precisely our first main result.

Proposition 3: Let G = G(V ) be the network graph
induced by a network matrixV ∈ V(r), let fk, k ∈ K, be
bounded and satisfy Conditions 1 and define

(V̂ , P̂ ) = arg max
(V ,P )∈V(r)×P

min
k∈K

γk

〈vk, fk(P )〉 ,

1Notice from (9) and the definition ofB(r) that the latter case is a
consequence of the assumed positivity of the diagonal elements of any
interference matrix. By setting the diagonal elements to zero, the topology
of the network graph changes, but all the results of this work remain true.
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Fig. 1. On the left-hand side we have an interference network withK = 4,
with link transmitters and receivers labeled by◦ and×, respectively, and the
corresponding link number. An arrow from link transmitterl to link receiver
k denotes interference (i.e.bkl > 0). On the right-hand side we have a mask
of a time sharing matrix of an orthogonal network withK = 4, N = 7. The
(k, n)-th entry in the mask is labeled by◦ if link k uses resourcen some
fraction of time. Otherwise the entry is labeled by×. The resulting network
graph, common for both networks, is depicted at the bottom.

with V(r) ∈ {A(r),B(r)}, r ∈ RK
++. Then,

Θ(G(V̂ ),w2)
c

− δ≤ max
(V ,P )∈
V(r)×P

min
k∈K

γ2
k

〈vk,fk(P )〉2 ≤
Θ(G(V̂ ),w2)

c
,

(10)
with {

w = w(r,γ) = (γ1/r1, . . . , γK/rK)
c = c(P̂ ) = maxk∈K〈fk(P̂ ), fk(P̂ )〉, (11)

and someδ = δ(P̂ , V̂ ,P,V(r)) ≥ 0 expressed as

δ = max
k∈K

γ2
k

〈fl(P̂ ), v̂k)〉2 − max
(V ,P )∈V(r)×P

min
k∈K

γ2
k

〈vk, fk(P )〉2 ,

(12)
with l = arg maxk∈K〈fk(P̂ ), fk(P̂ )〉.

An outline of the proof is given in the Appendix.
Proposition 3 provides bounds on the optimum value of

the problem (4), under the assumption of bounded link
performance functions. In the case of orthogonal networks,
numerous performance metrics of common interest, such as
the BER metric (1) and the MMSE metric (2), are bounded.
The link performance functions (7), which have to be set
in problem (4) to yield the max-min fairness problem for
interference networks (Proposition 1) are bounded as well.
Thus, (10) represents lower and upper bounds on link per-
formance achieved under max-min fairness in orthogonal and
interference networks. The Proposition allows for the follow-
ing interpretation (by relative performance we mean now the
ratio of performance requirement and performance value);

i.) The square of the worst relative link performance
achieved under max-min fairness in a network is not larger
than Θ(G(V̂ ),w2)/c. Hereby, Θ(G(V̂ ), w2) is the Θ-
function value of the network graph induced by a max-min
fair network matrixV̂ , andw, c are given by (11).

ii.) The square of the worst relative link performance
achieved under max-min fairness in a network is at most by
δ, given in (12), smaller than the valueΘ(G(V̂ ), w)/c.



From (11) can be seen that theΘ-function of the network
graph in the bounds (10) is weighted by the vectorw2 of
squared link performance requirementsγk normalized by the
corresponding coefficientsrk, k ∈ K, which parameterize the
set of allowable network matricesV(r). For an interference
network, we can not give an easy interpretation ofw2 (notice
that in this case the performance requirements occurring inw
are the inverse link sir requirements (8)). For an orthogonal
network however, the parameter vectorr/N groups the frac-
tions of the resource set assigned to links over time. Thus, the
interpretation of the weight vectorw is as follows;

iii.) In an orthogonal network, the weight vectorw in (11)
contains the requirements on link performance recalculated for
a single resource. In other words, for orthogonal networks the
Θ-function in the bounds (10) is evaluated for the vector of
squared per-resource requirements on link performance.

The scaling factorc in the bounds (10) corresponds to the
largest2-norm of a link performance functionfk, k ∈ K,
evaluated for a max-min fair power allocation. For interfer-
ence networks, we need the specific setting (7) of the link
performance function in the fairness problem (4), whereε is
positive and arbitrarily small and̂pkk ≥ ε > 0, k ∈ K. Thus,
we yield for interference networks

c = max
k∈K

∑

l∈K,l 6=k

|hkl|2p̂ll

|hkk|2p̂kk

+
∑

k∈K

σ2
k

p̂kk
.

A. Equality Characterization

The value δ is the maximum gap between the squared
worst relative link performance under max-min fairness and
the value of theΘ-function of the network graph induced by
max-min fair network matrix. The first term in the expression
of δ (12) is the maximum relative performance that would be
achieved by a max-min fair network matrix, if the performance
function of each linkk ∈ K assumed the valuefl(P̂ ). Hence,
we can formulate the following interpretation of the gapδ;

iv.) The valueδ is the difference between the squared worst
relative link performance under max-min fairness and the
squared best relative link performance that would be achieved
under a max-min fair network matrix and power allocation
V̂ , if the performance function of each linkk ∈ K assumed
the value with maximum2-norm inK under a max-min fair
power allocationP̂ .

More abstractly, one can say thatδ is a specific metric
of imbalance in link performance occurring under max-min
fairness. Precisely, if the dispersion of2-norms of link perfor-
mance function values under max-min fair power allocation is
small, the bounds (10) are near each other. That is, the value
Θ(G(V̂ ), w2)/c is then a good approximation of the worst
relative link performance under max-min fairness. From (12)
can be seen that the value of the gap is determined merely
by the setsP and V(r). This means thatδ is specific for
the constraints on power allocations and network matrices on
hand. Fortunately, for some type of constraintsδ becomes zero,
which is our second main result.

Proposition 4: Let all assumptions of Proposition 3 be
satisfied. Then, ifP = Ps, we haveδ = 0 and thus

max
(V ,P )∈
V(r)×Ps

min
k∈K

γ2
k

〈vk,fk(P )〉2 =
Θ(G(V̂ ), w2)

c
, (13)

with V(r) ∈ {A(r),B(r)}, r ∈ RK
++ and w, c defined in

(11).
Proposition 4 says that the gapδ in (10) vanishes in

the particular case of sum-constraint on the allocated link
powers. This includes the case of orthogonal cellular downlink
or cellular downlink with interference, for which we can
formulate the following interpretation of Proposition 4;

v.) In a cellular downlink, the square of the worst relative
link performance achieved under max-min fairness is equal to
the scaledΘ-function value of the network graph induced by
max-min fair network matrix, and with weight vectorw given
by (11). The scaling factor corresponds to the largest2-norm
of a link performance functionfk, k ∈ K, evaluated for a
max-min fair power allocation.

VI. GENERAL DISCUSSION

The obtained network type-insensitive characterizations
(10), (13) indicate that combinatorial (binary) graph properties
of the interference coupling in an interference network and
of the time sharing policy in an orthogonal network are
decisive for link performance under max-min fairness. The
characterizations imply also that graph description is a suitable
universal description of seemingly different mechanisms, such
as sharing of orthogonal resources and interference. Thus, one
can say that, in broad terms, interference and time sharing of
orthogonal resources are the same mechanisms from the point
of view of max-min fairness.

The amount of information on the network contained in the
Θ-function value of its network graph is quite small com-
pared with the full network description by all its parameters.
Nevertheless, Propositions 3, 4 show that this combinatorial
information, and a single2-norm value, are sufficient for
the determination of (at least tight bounds on) worst relative
link performance under max-min fairness, regardless of the
network type. More precisely, (10) and (13) are determined
merely by

i.) the spectral properties of some graph induced by max-
min fair network matrix according to the orthogonal represen-
tation principle [14] (recall Proposition 2),

ii.) the 2-norm of a single value of a link performance
function.

Feature i.) says, that the max-min fair network matrix
(the max-min fair time sharing matrix or the interference
matrix resulting, e.g., from the use of max-min fair sequences)
influences the link performance only through the spectrum of
its induced graph. Feature ii.) implies a similar conclusion,
that values of link performance functions influence the (given
tight bounds on) link performance under max-min fairness
only through the maximum2-norm under max-min fair power
allocation.



To the best of our knowledge, general characterizations
comparable with (10), (13) for the case of an orthogonal
network with N ≥ K and for the case of an interference
network with σ2

k > 0, k ∈ K, do not exist. However, for the
special case of an interference-dominated network (σ2

k = 0,
k ∈ K), we can relate our results to the known results on
power control for CDMA networks [8], [3]. For instance, a
known result is that, givenσ2

k = 0, k ∈ K, we have [3]

sup
P∈P∩RK×K

++

min
k∈K

SIRk(B, P )
γ̂k

=
1

λmax(Diag(γ̂)D(B))
, (14)

with the matrix functionD(B) = [bkl|hkl|2/|hkk|2], B =
(bkl) ∈ B(r), r ∈ RK

++. Clearly, (14) is satisfied in particular
for the max-min fair interference matrix̂B, which solves (6).
Thus, with Propositions 1, 4 we yield forP = Ps that

1
λmax(Diag(γ̂)D(B̂))2

=
Θ(G(B̂),w2)

c
, (15)

wherew, c are given by (11) and vectorγ is obtained from
γ̂ by (8). In this sense, Propositions 1, 4 can be seen as the
extension/ generalization of the results on max-min fairness
in interference-dominated networks to the case of general
interference networks and orthogonal networks.

The results of this work indicate that graph-related al-
gorithmic tools might possibly be an aid in the design of
novel algorithms finding the max-min fair power allocation
and max-min fair network matrix. For instance, from the
structure of the unifying problem (4) we can conclude that
an alternating algorithm design, of the type proposed e.g.
in [7], is likely to converge. Applied to (4), such algorithm
type consists in the alternation of iteration steps optimizing
the power allocations and network matrices, respectively. The
obtained characterizations suggest to observe after each iter-
ation i ∈ N the valuesc(i) = maxk∈K〈fk(P (i)), fk(P (i))〉
and Θ(G(V (i)), w2) (or at least some approximation of the
latter one [15]). Then, according to (10), (13), the ratio
Θ(G(V (i + 1)),w2)c(i)/(c(i + 1)Θ(G(V (i)), w2)) might
serve as an indication of the distance to the optimum ati+1-th
iteration and can give rise to some exit condition.

VII. A PPENDIX - (SKETCH OF) PROOF OFPROPOSITION3

Define φ(V , P ) = mink∈K γk/〈vk,fk(P )〉. and the
vectors zk = wk(fl(P̂ )/

√
c − √

cv̂k/〈fl(P̂ ), v̂k〉),
k ∈ K. We have then 〈zj , zk〉 = −wjwk iff
j 6= k and pair (j, k) is nonadjacent in G(V̂ ),
and 〈zk, zk〉 ≤ −w2

k + cγ2
k/〈fl(P̂ ), v̂k〉2. Then,

defining Z = (z1, . . . , zK) we yield Z ′Z ¹
−C + Diag(cγ2

1/〈fl(P̂ ), v̂1〉2, . . . , cγ2
K/〈fl(P̂ ), v̂K〉2),

where C ∈ C(G(V̂ ),w) (see Proposition 2).
The addition of c(φ2(V̂ , P̂ ) + δ)I and some
manipulations yield thenc(φ2(V̂ , P̂ ) + δ)I − C º 0
if δ = maxk∈K cγ2

k/〈fl(P̂ ), v̂k〉2 − φ2(V̂ , P̂ ). But
this implies φ2(V̂ , P̂ ) ≥ λmax(C)/c − δ, and with
λmax(C) ≥ minC∈C(G(V̂ ),w) λmax(C) = Θ(G(V̂ ), w2),
by Proposition 2, proves the lower bound.

To prove the upper bound, take Ĉ =
arg minC∈C(G(V̂ ),w) λmax(C). Then, one can show that
there existsX = (x1, . . . , xK) ∈ RN×K , such that
c(λmax(Ĉ)) − Ĉ) = X ′X, and such thatxk, k ∈ K
have a zero entry on the last position. Using the fact that
for h = (0, . . . , 0,

√
c) we have 〈h, xk〉 = 0, k ∈ K

we define a specific matrixU = (u1, . . . , uK)′, with

uk = uk(h,xk) such that〈h, uj〉/γj =
√

c/λmax(Ĉ), and
with lj = ‖uj‖1 alsolj ≤ rj , j ∈ K. Using the parameterized
setDi(x) = {D ∈ RK×N

+ : ‖dk‖i = xk, k ∈ K}, i = 1, 2,
x ∈ RK

++, these features of the vectorsuj , j ∈ K yield

λmax(Ĉ)/c ≥ min
(D,E)∈δD1(l)×δD2(c1)

max
k∈K

γ2
k

〈ek, dk〉2 , (16)

due to U ∈ δD1(l) ⊆ D2(r) and (h, . . . , h)′ ∈
δD2(c1). Further, with the minmax-maxmin inequality,
some convex-theoretic arguments and the fact
that (f1(P̂ ), . . . , fK(P̂ ))′ ∈ δD2(c1), we obtain
min(D,E)∈δD1(l)×δD2(c1) maxk∈K γ2

k/〈ek, dk〉2 ≥
max(D,E)∈δD1(l)×δD2(c1) mink∈K γ2

k/〈ek, dk〉2 ≥ φ2(V̂ , P̂ ).
By the definition ofĈ, Proposition 2 and (16) this completes
the proof.
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